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1. Theory

1.1. Introduction. In general relativity, clocks at different heights in a gravita-
tional field run at different rates, with the higher one running faster. In quantum
mechanics, particles at different energy levels rotate their quantum phase at differ-
ent rates, with the higher-energy one rotating faster. We propose here that these
two phenomena can be viewed as essentially identical.

In GR the time dilation is normally given as a function of position within a
gravitational field, while in QM the phase shift is normally given as a function
of the energy of a wave function. To compare them, we need to put them into
common terms. We choose to do this by considering position in terms of energy,
and phase shift in terms of time.
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1.2. Time Dilation in a Uniform Gravitational Field: 1. The Weak-Field
Approximation. In general relativity, position in a gravitational field affects the
speed of clocks, with higher ones running faster.

It is sufficient for our present purposes to consider only the simplest case of a
uniform (non-curved) gravitational field with strength g. The time dilation Td
between two observers at different heights is normally given by the weak-field
approximation

Td ≡
tf
ts
≈ 1 +

gh

c2

where h is the height difference and c is the speed of light. (For a derivation of
this result see e.g. [1], section 48. This approximation is only valid for gh � c2,
and has various problems that we will discuss below.)

For a particle (or clock) of mass m, the energy difference between the positions
of the two observers is ∆E = mgh, the amount of work required to raise the mass
from the lower observer to the upper, so we can rewrite the previous equation as

Td = 1 +
mgh

mc2
= 1 +

∆E

E
=
E + ∆E

E
=
Ef
Es

where E = mc2 is the energy equivalent of the mass m. Thus we have that

tf
ts

=
Ef
Es

or, subtracting 1 from both sides and choosing one of the clocks arbitrarily as our
reference, that

∆t

t
=

∆E

E
The time delta, as a fraction of the total reference time elapsed, is exactly equal
to the energy delta, as a fraction of the original energy. This is the (approximate)
relation between time dilation and energy in GR. The derivation is only valid for
∆E � E.

1.3. Time Dilation in a Uniform Gravitational Field: 2. The Exact
Solution. The linear approximation given above has severe problems in the limit
of large h or strong g. First, two observers at different heights should predict the
same relative time dilation between themselves

Td(h) · Td(−h) =
tf
ts
· ts
tf

= 1

But for the linear formula, we have

Td(h) = 1 +
gh

c2

and

Td(−h) = 1− gh

c2
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so that

Td(h) · Td(−h) = (1 +
gh

c2
)(1− gh

c2
) = 1− g2h2

c4
6= 1

More generally, if we have three observers at heights 0, a, and b, each of them
must correctly predict the time dilation between the other two. That is, we require
that

Td(a+ b) = Td(a) · Td(b)
for all a and b. But the linear formula fails this as well.

Finally, the formula gives absurd results for h < − c2

g
. The upper observer

predicts that time should be flowing in opposite directions for the two observers,
but the lower one does not. There is a kind of ”event horizon” at h = − c2

g
where

time stops, but (as we will show) this is purely an artifact of the approximation
and has no basis in reality.

A uniform gravitational field is equivalent to an actual acceleration in flat space-
time. For this situation, in the GR literature the event horizon is known as the
Rindler Horizon and is taken quite seriously (see e.g. [2] [3] [4] [5]). However the
present theory views this as fundamentally incorrect.

An exact solution to the time dilation Td(h) at height h in a uniform field g
must have the following properties:

(1) It must be continuous and differentiable.
(2) Td(h) ≈ 1 + gh

c2
for small h; the approximate formula is valid near h = 0. In

particular, Td(0) = 1; two observers at the same height see the same time.
(3) Td(a + b) = Td(a) · Td(b) Time dilation must be consistent across multiple

observers at different heights. In particular, Td(h) · Td(−h) = Td(h− h) =
Td(0) = 1.

From the above we can readily see that for small δ

Td(h+ δ) = Td(h) · Td(δ) = Td(h) · (1 +
gδ

c2
)

and, taking a limit as δ → 0 in the usual way to find the derivative

dTd
dh

(h) = lim
δ→0

Td(h+ δ)− Td(h)

δ
=

g

c2
· Td(h)

we get a differential equation with the unique solution

Td(h) = egh/c
2

It is easy to confirm that this function satisfies conditions (1)-(3) and that there is
no event horizon or other discontinuity of any kind. It is the unique exact solution
for a uniform field.

(In fact this equation was derived earlier. It is e.g. equation 1.11 in [6]. The
derivation there is more general and applies to any stationary potential, not just
a uniform one.)



4 HOWARD A. LANDMAN

Clearly the simple relation given in the previous section needs to be modified to
take this into account. However, notice that the formula ∆E = mgh also depends
on the assumption that the mass m does not change as we raise it. In reality,
the mass includes the potential energy, so that a particle gets heavier as we raise
it, and lighter as we lower it. By a derivation similar to that just given, we can
conclude that the mass depends exponentially on height

m(h) = m0e
gh/c2

The exact relationship is now

tf
ts
≡ Td(h) = egh/c

2

=
m(h)

m0

=
Ef
Es

so that it is still the case that

tf
ts

=
Ef
Es

and

∆t

t
=

∆E

E

even using the exact equations. This relationship is valid everywhere.

1.4. Do Event Horizons Exist? We noted above that, while the linear weak
field approximation seems to indicate an event horizon in the uniform field, the
exact solution has no such discontinuity. Here is a sketch of a simple proof that
black holes do not actually have event horizons.

First, a non-rotating black hole can be represented by the Schwarzschild metric.
This does not change over time, so it is a stationary potential. As noted above,
the exponential formula for time dilation holds for all stationary potentials. Thus
the time dilation at any point in the potential, relative to ”cosmic time” at infinite
distance, is given simply by Td = eΦ/c2 (where we take the convention that Φ is
0 at infinite distance and negative at all finite distances). The time dilation of

observer B, as seen by observer A, is just Td = e(ΦB−ΦA)/c2 . There is no event
horizon, where the time dilation goes to zero, for any possible stationary observer.

Of course, this is actually well-known (cf chapter 31 of MTW [7]).
We can perhaps generalize these results. Still considering only the case of a

stationary potential with stationary observers,

Definition 1.1. v(A,B) ⇐⇒ B is visible to A. That is, light from B can reach
A in finite time by A’s clock.

Lemma 1.2. v(A,B), v(B,C)→ v(A,C). (v is transitive)
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1.5. Quantum Phase Shift. Standing wave solutions to the Schrödinger equa-
tion with energy E oscillate as e−iEt/~. Absolute phase appears impossible to
measure and may in fact have no physical meaning whatsoever; however, relative
phase can be easily observed through various interference experiments. For identi-
cal particles, or different trajectories of the same particle, higher energy will cause
the wave function to rotate phase more rapidly. Labeling the energy levels f and
s as before and defining ∆E ≡ Ef − Es, we get a relative phase shift

∆φ(t) = −i∆Et/~

For any wave at a constant energy level, and thus constant phase velocity, a
shift in phase can be produced by a shift in time. If we set the phase shift due to
∆E to be equal to the phase shift due to a time delay ∆t,

−i(E + ∆E)t/~ = −iE(t+ ∆t)/~

we get that

∆E · t = E ·∆t
or

∆t

t
=

∆E

E
which is the same equation arrived at in the previous section.

An alternate path to the same result starts with de Broglie’s original equation
relating frequency to mass (Eq. 1.1.5 in [8])

hν0 = m0c
2

where E0 = m0c
2 is the rest mass energy as above. Then the energy ratio equals

the frequency ratio which, by definition, equals the time dilation:

E0 +m0gh

E0

=
Ef
Es

=
νf
νs

=
tf
ts

In summary, it appears entirely reasonable to view the phase shift as being due
solely to time dilation, with the local clocks on different particle paths running at
different rates. Indeed, any other interpretation seems problematic.

1.6. History. As shown above, on the QM side it is not even required to have the
Schrödinger equation; de Broglie’s work of 1925 is sufficient. Similarly, on the GR
side it is only necessary to have the weak equivalence principle and E = hν ([6]);
the full Einstein field equation is not necessary. Thus the present results could
have been derived as early as 1926. Why they weren’t seems rather mysterious.

A similar time dilation was proposed by Apsel [9]. His derivation starts from the
Aharonov-Bohm effect and uses the full tensor machinery of standard GR. Despite
experimental confirmation [10] it appears to have been ignored for three decades.

The idea of using quantum phase interference of entangled pairs to measure time
dilation was proposed by Hwang et al. in 2002 [11], so they clearly understood
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that a potential-based time dilation would cause a phase shift; however, only
gravitational time dilation was considered.

The question of whether there might be some kind of time dilation associated
with e.g. an electric potential was raised in 2004 [12], but the discussion there was
vague and inconclusive, and showed no awareness of Apsel’s results.

1.7. Thought Experiments. In terms of pure interference effects, quantum time
dilation appears to be experimentally indistinguishable from the standard inter-
pretation of a phase shift without time dilation. Fortunately, there are many other
forms of measurement which are not handicapped in this way.

1.7.1. Experiment 1. Two scientists, Fred and Sally, work in a lab at the foot of
a mountain. They synchronize a pair of atomic clocks, and divide between them
a pair of identical particles whose quantum phase has also been synchronized. As
a control experiment, they wait until Fred’s clock (and Sally’s) shows exactly 1
hour and interfere the two particles. In the absence of decoherence, the phases
should still precisely match. That is, t1f = t1s = 1 hour, ∆t1 ≡ t1f − t1s = 0, and
∆φ1 = 0.

1.7.2. Experiment 2. As a second test, they synchronize as before. Fred now rides
a computer-controlled cable car up the mountain, carrying his clock and particle
with him, and immediately descends the same way. When he reaches the bottom,
he and Sally note a slight time difference ∆t2 ≡ t2f − t2s between their clocks.
They wait one additional hour (on both clocks and then interfere their particles
as before. They now measure a phase shift ∆φ2 associated with ascending and
descending the mountain; some of this might come from acceleration effects, and
some from Fred being higher than Sally.

1.7.3. Experiment 3. Finally, having controlled for and measured all these effects,
they synchronize once more. Fred ascends the mountain in exactly the same way
as before, spends one hour by his clock at the summit, then descends. They
interfere their particles and compare clocks. According to GR, their clocks should
now be off, with Fred’s clock showing a later time (t3f ) than Sally’s (t3s) due to
gravitational time dilation. After adjusting for ∆t2 by computing tf ≡ t3f − t2f
and ts ≡ t3s − t2s, they would see a time dilation of

Td ≡
tf
ts

= 1 +
gh

c2

as in section 1. They also measure a phase shift ∆φ3. After subtracting the
phase shift from experiment 2 (∆φ2) to correct for any effects from ascending and
descending, they would have a residual phase shift ∆φ ≡ ∆φ3 −∆φ2 due entirely
to Fred having been higher in the gravitational field than Sally.

The question is how to interpret this shift. In Fred’s frame of reference at rest
at the top of the mountain, the rate of phase rotation of his particle should have
been perfectly normal, and hence the total rotation proportional to tf . In Sally’s
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frame of reference at rest in the lab, Fred’s particle is at a higher energy level and
should be rotating phase at a higher rate with the relative phase shift proportional
to ts∆E. Both their computations predict exactly the same phase shift. If Sally
tries to adjust both for the higher energy and make a time-dilation adjustment at
the same time, she will get the wrong answer. Either one works, but they cannot
be used together. This is because they are the same thing viewed in two different
ways.

(Note: We accept the notion of simultaneity presented by Einstein in 1907
([13], see also [14] and chapter 7 of [15]). This involves the assumption that the
speed of light is isotropic. There is some question about the correctness of this
assumption (see e.g. the discussion in [16] or [17]), but for the present purposes
we can assume that all observers are arranged in a single vertical line and all light
paths follow that geodesic. This eliminates the possibility of the Sagnac effect and
other global topological anisotropies. For a proof of the validity of synchronization
in a stationary spacetime, see section 9.2 of [6]

2. Limitations

In special relativity, the time dilation for a particle or observer moving at velocity
v is Td =

√
1− v2/c2. The higher the velocity, the higher the kinetic energy, but

the slower the clock is perceived to run. Thus kinetic energy does not appear to
have the same relationship to time that potential energy does; even the sign is
reversed. A further difficulty, as noted by de Broglie [8], is that while all observers
agree on gravitational time dilation, the time dilation due to motion is reciprocal (I
think your clock is slower than mine at the same time you think my clock is slower
than yours). Working through these issues is beyond the scope of the current
paper.

3. Existing Experimental Results

Assuming that quantum time dilation is real, it should have occurred in many
experiments that have already been carried out. In some cases, it would have been
swamped by other effects such as velocity-based time dilation, but in others, it
should have been noticeable. In this section, we try to compute the magnitude of
the effect for various prior experiments to see whether the theory can be confirmed
or disproved by them.

3.1. Muonic Atoms. Negative muons (µ−) can be captured by normal atoms.
In most cases the muon rapidly decays into the ground state 1S orbital. Because
the muon orbit is much smaller than any of the electron orbits, to first order we
can ignore the effect of the electron charge and treat the interaction between the
nucleus and the muon as a hydrogen-like atom. The energy level is then given by
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the formula

−mµ

me

Z2

1 +mµ/M
Ry

where Z is the nuclear charge, M the nuclear mass, mµ the muon mass, and
1Ry = 13.6eV. An energy change of -1 Ry corresponds to a time dilation of

(1− 1Ry/mµc
2) = 1− 13.6eV

105 · 106eV
= 0.999999871

which is not likely to be noticed. However, for heavy nuclei mµ � M so we can
ignore the correction term and the energy is roughly −207Z2Ry. For the heavy
non-radioactive nucleus 206

82 Pb we predict a potential-based time dilation of about
0.82; muons would decay about 18% slower in that situation due to this effect.
However, other possible time-dilation effects such as those due to the velocity of
the muon in the orbital must also be considered, as well as any effects from the
nucleus that might accelerate or retard muon decay.

4. Proposed New Experiments

In this section, we assume the time-dilation interpretation is correct. Changes
in the rate of time flow and changes in level of potential energy are therefore the
same thing. The electrons in different orbitals in the same atom must be viewed
as having different time dilations, even though they span the same space and
have the same (non-moving) center of reference. Relativity shows that time is
not a universal absolute, but rather depends on the position and velocity of the
observer. To this, we must now also add the energy of the observer.

This is experimentally testable. Measurable predictions include

• A charged clock, placed inside a conductive cage, will run faster when the
cage is given the same polarity charge, thereby raising the energy level of
the clock, and slower when the cage is given the opposite charge. Radioac-
tive ions or unstable charged particles will decay faster (or slower) under
similar circumstances.
• Likewise, their decay rate will be different on different sides of the solenoid

in a magnetic Ehrenberg-Siday-Aharonov-Bohm setup even though they
never encounter any field. Note that, although fairly weak fluxes are used
in typical ESAB experiments (because only 3.9 ·10−7 gauss-cm2 is required
to rotate the phase by 2π [18]), much stronger fields could be used to test
the time dilation effect. MRI machines with 10 tesla (= 105 gauss) fields
over areas greater than 100 cm2 have been demonstrated, so total fluxes of
107 gauss-cm2 are quite feasible.
• Alternately, geometric confinement could be used to raise the energy, along

lines discussed in section 3 of [19]. This could be used on uncharged par-
ticles such as neutrons, while the above 2 approaches require charged par-
ticles.
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There are many other possibilities, but these few should suffice to demonstrate
that the time dilation view makes different predictions than the standard phase
shift view and that the differences are accessible to experimental test.

4.1. Muon-based Experiments. The muon, with a half life of 2.2 µS, might be
an attractive candidate for an experiment. While muons are difficult to produce
by fission, fusion, or nuclear decay, beams of muons can be generated via pion
decay, and have been used e.g. to test the standard model’s prediction of their
anomalous magnetic moment (see [20] and its references). A survey of methods
of muon production can be found in [21]; see also section VI of [22]. Beams of
muons produced by pion decay are inherently 100% polarized with spin opposite
to the direction of emission ([21], p.16). Beam sources may be continuous or
pulsed. Muon detectors adequate to measure time dilation effects can be simple
and inexpensive enough to be used in an undergraduate physics lab[23].

The muon decay time can been very accurately calculated within the standard
model given certain parameters [?]; one of these parameters can in turn be derived
from muon lifetime data. Thus the precision of the standard model is dependent
on the precision to which the muon lifetime is known.

Let’s first analyze the situation for an electron. A phase shift of 2π happens
when

∆E · t = 2π~ = h = E ·∆t
so that for an electron

∆t =
h

E
=

h

mec2
=

6.626 · 10−34m2kg/S

(9.109 · 10−31kg) · (2.998 · 108m/S)2
= 8.093 · 10−21S

is the time difference (as seen by the electrons, not necessarily by an external
observer) between electron paths when the interference pattern has been shifted
by one full fringe. This requires a total flux of 3.9 · 10−7 gauss-cm2 as noted
above, but we should be able to use fluxes at least 1013-1014 that large, leading
to feasible ∆ts in the range of 10−7-10−6 seconds. (Indeed the Brookhaven E821
experiment[20] applied a field of 1.45T over a ring with radius 7.11m; if the field
was uniform, the total contained flux was therefore about 2.3 · 1010 gauss-cm2.)

For the muon ∆t is 207 times smaller (the ratio of the muon mass to the electron
mass), or 3.91 · 10−23S.

A 200 kV muon beam should travel roughly as fast as a 1 kV electron beam, or
about 2% of the speed of light or 6 · 106 m/S. If we split this beam and send it
around a solenoid with a radius of about 100 cm (and hence cross-sectional area
314 cm2) we should be able to have each path be no longer than, say, 600 cm. With
a 10T = 106 gauss field strength the total flux would be 3.14 · 108 gauss-cm2 and
the predicted ∆t = 3.91 ·10−23 3.14·108

3.9·10−7 S = 3.14 ·10−8S. The flight time of the muon
would then be about 10−7 S. With a half life of 2.2 µS, and ignoring relativistic
corrections, we would expect in the standard interpretation that a fraction 2−t/2.2µS
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of the muons on each path would remain undecayed

2−0.1/2.2 = 2−1/22 = 2−0.04545 = 0.969

so that about 3.1% of the muons would decay on each path. However, the time di-
lation predicted by the present theory would cause the fast-time path to experience
a total time (t+ ∆t) of (0.1 + 0.03)µS so that approximately

2−0.103/2.2 = 2−0.04682 = 0.968

would remain undecayed while on the slow-clock path

2−0.097/2.2 = 2−0.04409 = 0.970

would. Thus, for that flux, we would predict a roughly 3% increase in the decay
rate on the fast-time path and a 3% decrease on the slow-time path. Larger
fluxes would have larger effects. For large enough flux, the effect should be truly
spectacular.

(Note that these calculations would give silly results for the slow-time path for
high enough flux; it obviously cannot end up with negative experienced time-of-
flight. This problem is due to using the linearized weak-field approximation. Exact
calculation requires the exact formula.)

Note that it is not necessary to actually interfere the two beams to measure
this effect. One could, for example, just have a single beam of muons rotating
in a cyclotron ring. A large confined and shielded flux through the ring should
have a measurable effect on the decay rate of the muons; reversing the flux or the
direction of rotation should reverse the effect.

It would also be possible to simply fire a beam of muons through the center
holes of one or more shielded toroidal inductors, as was done in the elegant Hitachi
experiment to demonstrate the ESAB effect [25]. Much larger inductors with much
larger fluxes would of course be desirable, but these are commercially available and
relatively inexpensive. There is no theoretical upper bound to the total encircling
flux per length of muon path in this configuration, as there is no upper limit to the
radial size of the inductor cores. If we assume an iron core with a contained field
strength of 1T (iron saturates at 1.6 T), and a toroidal shape with rectangular cross
section (inside radius ri, outside radius ro, and thickness l), the cross-sectional area
is given by A = (ro− ri) · l and the total flux would be 104 ·A gauss-cm2 with the
flux per length equal to 104(ro − ri) gauss-cm. The time shift per length (for a
muon) is given roughly by

3.91 · 10−23S

3.9 · 10−7gauss · cm2
· 104(ro − ri)gauss · cm ≈ 10−12(ro − ri)

S

cm

If we assume a rather large core with (ro − ri) = 1m and l = 1m then we get
a time shift of 10 nS. This has to be compared with the time of flight at fast
but sub-relativistic speeds; at 10% of the speed of light a particle will only spend
about 33 nS passing through the inductor, so a time shift of 10 nS represents a
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30% increase or decrease in the time experienced by the particle.. (Again, these
are based on the linear formula and thus are slightly off.) The special-relativistic
time dilation at that speed is less than 1%.

4.2. Determining Absolute Electric Potential. Since a non-zero electric po-
tential causes inverse time dilation for positive and negative particles, the lifetimes
of (say) µ+ and µ− can be used to calculate the potential. This means that there
is a global absolute zero potential which can be detected by experiment; it is that
point at which positive and negative particles and antiparticles decay at the same
rate.

Without measurement, there is no guarantee that the earth is at zero potential.
Thus, we have no reason to expect that the lifetimes of charged particles will be
exactly the same for positive and negative versions when measured in terrestrial
laboratories. This has implications for those attempting to use e.g. the muon
lifetime to determine parameters of the standard model. If they do not correct for
time dilation due to the absolute potential of the earth, or equivalently take the
geometric mean of µ+ and µ− lifetimes, their results will be slightly wrong.

Further corrections may also need to be made for the effective energy level of
bound muons in solids. The time dilation for a µ− in a 1S orbital in Pb is quite
large, but even the relatively small time dilation for a µ+ orbited by an e− could
be significant enough to perturb measurements intended to be accurate to 1 part
per million.

5. Summary

We propose interpretating the well known quantum phase shift as instead a
time-dilation effect. The mathematics of this is essentially identical to that of
gravitational time dilation in general relativity, indicating perhaps a deep and
simple connection between QM and GR. This interpretation is shown to have
measurable consequences which are supported by prior experimental data, and
further experiments are proposed that could test its validity more directly.
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