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1. THEORY

1.1. Introduction. In general relativity, clocks at different heights in a gravita-
tional field run at different rates, with the higher one running faster. In quantum
mechanics, particles at different energy levels rotate their quantum phase at differ-
ent rates, with the higher-energy one rotating faster. We propose here that these
two phenomena are identical.

In GR the time dilation is normally given as a function of position within a
gravitational field, while in QM the phase shift is normally given as a function
of the energy of a wave function. To compare them, we need to put them into
common terms. We choose to do this by considering position in terms of energy,

and phase shift in terms of time.
1
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1.2. Time Dilation in a Uniform Gravitational Field: 1. The Weak-
Field Approximation. It is sufficient for our present purposes to consider only
the simplest case of a uniform (non-curved) gravitational field with strength g¢.
The time dilation T, between two observers at different heights is often given by
the weak-field approximation

ts c?

where h is the height difference and c is the speed of light. (For a derivation of
this result see e.g. [1], section 48. This approximation is only valid for gh < ¢?,
and has various problems that we will discuss in the next section.) t; and ¢, are
the time at the fast and slow observers respectively; since we only use their ratio,
it does not matter much whether we consider them to be the instantaneous rate
of time flow at each observer, or the total elapsed time measured on each clock for
some experiment with synchronized start and end times.

For a particle or clock of mass m, the energy difference between the positions
of the two observers is AE = mgh, the amount of work required to raise the mass
from the lower observer to the upper one. Thus the energy at the slow observer
is By, = E = mc?, the energy equivalent of the mass m, and at the fast observer
(as seen by the slow observer) is £y = E 4+ AE. We can thus rewrite the previous
equation as

mgh AE E+AE FEy
=it e T E E B,
Thus we have that
ty _ Ly
ts  F

The ratio of energies equals the ratio of times. This is the relation between time
dilation and energy in GR. However, the derivation is only valid for AE < F.

1.3. Time Dilation in a Uniform Gravitational Field: 2. The Exact
Solution. The linear approximation given above has severe problems in the limit
of large h or strong g. First, two observers at different heights should predict the
same relative time dilation between themselves

Tu(h) - Tu(-h) = - =1
But for the linear formula, we have
Ta(h) =1+ gc—?
and
Ta(—h)=1-— gh
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so that ) , 22
g g g
Ta(h) - Ta(=h) =1+ )1~ ) =1- " #1
More generally, if we have three observers at heights 0, a, and b, each of them
must correctly predict the time dilation between the other two. That is, we require
that

Td<(l + b) = Td(a) : Td(b)
for all @ and b. But the linear formula fails this as well.

Finally, the formula gives absurd results for h < —%. The upper observer
predicts that time should be flowing in opposite directions for the two observers,
but the lower one does not. There is a kind of "event horizon” at h = —% where
time stops, but (as we will show) this is purely an artifact of the approximation
and has no basis in reality.

A uniform gravitational field is equivalent to an actual acceleration in flat space-
time. For this situation, in the GR literature the event horizon is known as the
Rindler Horizon and is often taken quite seriously (see e.g. [2] [3] [4] [5]). However
this is fundamentally incorrect.

An exact solution to the time dilation Ty(h) at height h in a uniform field g
must have the following properties:

(1) Tt must be continuous and differentiable.
(2) Ty(h) = 1+ Z—g for small h; the approximate formula is valid near h = 0. In
particular, T;(0) = 1; two observers at the same height see the same time.
(3) Ty(a+b) = Ty(a) - Ty(b) Time dilation must be consistent across multiple
observers at different heights. In particular, Ty(h) - Ty(—h) = Ty(h — h) =
Tq4(0) = 1.
From the above we can readily see that for small §

Tolh+ ) = Talh) - Ta(d) = Tu(h) - (1 + %)

and, taking a limit as § — 0 in the usual way to find the derivative

dTy(h) . Ty(h+06)—Ty(h) g
o o 5 = Talh)

we get a differential equation with the solution
Tu(h) = e

It is easy to confirm that this function satisfies conditions (1)-(3) and that there is
no event horizon or other discontinuity of any kind. It is the unique exact solution
for the uniform field. (In fact this result is well known. It is e.g. equation 1.11
in [6]; see also chapter 9 of that work. The derivation there is more general and
applies to any stationary potential, not just a uniform one.)

At first it appears that the simple relation given in the previous section needs to
be modified to take this into account. However, notice that the formula AE = mgh




4 HOWARD A. LANDMAN

also depends on the assumption that the mass m does not change as we raise it.
In reality, the mass includes the potential energy, so that a particle gets heavier as
we raise it, and lighter as we lower it. By an argument similar to that just given,
we can conclude that the mass depends exponentially on height

m(h) = meed"/<
The exact relationship is now

E
tf = Td(h) _ 6gh/c2 _ m(h) _=f

ts mo Es

so that it is still the case that
ty _ By
ts B
even using the exact equations. This relationship is thus shown to be valid every-

where.

1.4. Quantum Phase Shift. Standing wave solutions to the Schrodinger equa-
tion with energy F oscillate phase as e *F%/". Absolute phase appears impossible
to measure and may in fact have no physical meaning whatsoever; however, rel-
ative phase can be easily observed through various interference experiments. For
identical particles, or different trajectories of the same particle, higher energy will
cause the wave function to rotate phase more rapidly. Labeling the energy levels
f and s as before and defining AE = Ey — E,, we get a relative phase shift

Ap(t) = —iAEt/h

For any wave at a constant energy level, and thus constant phase velocity, a
shift in phase can be produced by a shift in time. If we set the phase shift due to
AFE to be equal to the phase shift due to a time delay At,

—i(E+ AE)t/h = —iE(t + At)/h

we get that
AFE-t=F- At
or
At AE
t E
so that, arbitrarily choosing s as our reference, we get
t; t,+At At AE E,+AE E;

=1 1
o 1 L) E E,

which is the same equation arrived at in the previous section.
An alternate path to the same result starts with de Broglie’s original equation
relating frequency to mass (Eq. 1.1.5 in [7])

hvy = moc?
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where Ey = moc? is the rest mass energy as above. Then the energy ratio equals
the frequency ratio which, by definition, equals the time dilation:

E0+mogh . Ef o Vg o tf

E, B, v
In summary, it appears entirely reasonable to view the phase shift as being
due solely to time dilation, with local clocks on different particle paths running

at different rates, and in fact the particle’s phase oscillation being its local clock.
Indeed, any other interpretation seems problematic.

1.5. History. As shown above, on the QM side it is not even required to have the
Schrodinger equation; de Broglie’s work of 1925 is sufficient. Similarly, on the GR
side it is only necessary to have the weak equivalence principle and E = hv ([6]);
the full Einstein field equation is not necessary. Thus the present results could
have been derived as early as 1926. Why they weren’t seems rather mysterious.

A similar time dilation was proposed by Apsel in 1979 [8]. His derivation starts
from the Aharonov-Bohm effect and uses the full tensor machinery of standard
GR. Despite experimental confirmation two years later [9], it appears to have been
ignored for three decades.

The idea of using quantum phase interference of entangled pairs to measure time
dilation was proposed by Hwang et al. in 2002 [10], so they clearly understood
that a potential-based time dilation would cause a phase shift; however, only the
standard gravitational time dilation was considered.

The question of whether there might be some kind of time dilation associated
with an electric potential was raised in 2004 [11], but the discussion there was
vague and inconclusive, and showed no awareness of Apsel’s results.

(Note: We accept the notion of simultaneity presented by Einstein in 1907
([12], see also [13] and chapter 7 of [14]). This involves the assumption that the
speed of light is isotropic. There is some question about the correctness of this
assumption (see e.g. the discussion in [15] or [16]), but for the present purposes
we can assume that all observers are arranged in a single vertical line and all light
paths follow that geodesic. This eliminates the possibility of the Sagnac effect and
other global topological anisotropies. For a proof of the validity of synchronization
in a stationary spacetime, see section 9.2 of [6])

2. LIMITATIONS

In special relativity, the time dilation for a particle or observer moving at velocity
vis Ty = /1 —v%/c?. The higher the velocity, the higher the kinetic energy, but
the slower the clock is perceived to run. Thus kinetic energy does not appear to
have the same relationship to time that potential energy does; even the sign is
reversed. A further difficulty, as noted by de Broglie [7], is that while all observers
agree on gravitational time dilation, the time dilation due to motion is reciprocal (I
think your clock is slower than mine at the same time you think my clock is slower
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than yours). Working through these issues is beyond the scope of the current
paper.

3. EXISTING EXPERIMENTAL RESULTS

Assuming that quantum time dilation is real, it should have occurred in many
experiments that have already been carried out. In some cases, it would have been
swamped by other effects such as velocity-based time dilation, but in others, it
should have been noticeable. In this section, we try to compute the magnitude of
the effect for various prior experiments to see whether the theory can be confirmed
or disproved by them.

3.1. Muonic Atoms. Negative muons (u~) can be captured by normal atoms.
In most cases (~99%) the muon rapidly decays into the ground state 1S orbital.
Because the muon orbit is much smaller than any of the electron orbits, to first
order we can ignore the effect of the electron charges and treat the interaction
between the nucleus and the muon as a hydrogen-like atom. The energy level is
then given by the formula

2
my A

L Y
me L+ m /M >

where Z is the nuclear charge, M the nuclear mass, m, the muon mass, and
1Ry = 13.6eV. For muonic hydrogen (p*u~) the predicted effect is quite small,
but it increases rapidly for greater Z, reaching 1% for potassium and 2% for cobalt
or nickel.

The predicted QTD time dilations for the most common nuclides of the first 30
elements are:
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Atom | Z | Mass (u) | Energy (keV) | Dilation
"H | 1 ]1.007825 |[-2.528633 0.999976
He | 2 |4.002603 |-10.942799 0.999896
i | 3 |7.016005 |-24.916210 0.999764
Be | 4 19.012183 |-44.452135 0.999579
UB | 5 |11.009306 | -69.613424 0.999341
2C | 6 | 12.000000 | -100.327799 | 0.999051
UN | 7 [14.003074 | -136.740440 | 0.998707
160 | 8 |15.994914 | -178.778648 | 0.998309
YE | 9 ]18.998403 | -226.518892 | 0.997858
20Ne | 10 | 19.992440 | -279.735501 | 0.997356
ZNa | 11 | 22.989769 | -338.729102 | 0.996799
Mg | 12 | 23.985041 | -403.197769 | 0.996191
2TAl | 13| 26.981538 | -473.444867 | 0.995529
28Si | 14 | 27.976926 | -549.165784 | 0.994816
1P 115 [ 30.973761 | -630.666302 | 0.994049
328 116 | 31.972070 | -717.639864 | 0.993231
BCL | 17 | 34.968852 | -810.393646 | 0.992359
10Ar | 18 | 39.962382 | -908.905413 | 0.991434
K |19 | 38.963705 | -1012.626706 | 0.990461
0Ca |20 {39.962590 | -1122.105464 | 0.989436
5S¢ | 21 | 44.955910 | -1237.510311 | 0.988356
BTi | 22| 47.947944 | -1358.387917 | 0.987225
PV | 23] 50.943957 | -1484.890412 | 0.986044
P2Cr |24 |51.940505 | -1616.887212 | 0.984813
%Mn | 25 | 54.938043 | -1754.643527 | 0.983530
%Fe | 26 | 55.934935 | -1897.892132 | 0.982197
Co | 27 | 58.933193 | -2046.902117 | 0.980813
8Ni | 28 | 57.935341 | -2201.259485 | 0.979381
63Cu |29 | 62.929595 | -2361.666274 | 0.977895
617n | 30 | 63.929140 | -2527.419074 | 0.976362

This correction needs to be applied in addition to the special-relativistic correc-
tion due to the motion of the muon in its orbital.

3.1.1. Nuclear Capture. For high-Z nuclei, there is a significant overlap of the
muon orbital with the nucleus itself, and capture of the muon by the nucleus be-
comes a significant decay mode, making it difficult to observe the muon’s intrinsic
decay time. Nuclear capture can even be detected in p*u~, occurring roughly at
a rate of 725 S™! in the singlet state and 12 S™! in the triplet state ([17], [18]
section 2). This is infrequent compared to 455000 S~* for decay of the muon it-
self, but the rate of capture increases roughly as Z* [17], and for elements beyond
iron it becomes a dominant decay mode. Thus, although we predict a significant
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potential-based dilation (and hence reduction of the muon decay rate) for heavier
nuclei (e.g. 0.82 for 2%Pb) it will be difficult to observe this due to the rapidity of
capture.

4. PROPOSED NEW EXPERIMENTS

In this section, we assume the time-dilation interpretation is correct. Changes
in the rate of time flow and changes in level of potential energy are therefore the
same thing. The electrons in different orbitals in the same atom must be viewed
as having different time dilations, even though they span the same space and
have the same (non-moving) center of reference. Relativity shows that time is
not a universal absolute, but rather depends on the position and velocity of the
observer. To this, we must now also add the energy of the observer.

This is experimentally testable. Measurable predictions include

e A charged clock, placed inside a conductive cage, will run faster when the
cage is given the same polarity charge, thereby raising the energy level of
the clock, and slower when the cage is given the opposite charge. Radioac-
tive ions or unstable charged particles will decay faster (or slower) under
similar circumstances.

e Likewise, their decay rate will be different on different sides of the solenoid
in a magnetic Ehrenberg-Siday-Aharonov-Bohm setup even though they
never encounter any field. Although fairly weak fluxes are used in typical
ESAB experiments (because only 3.9 1077 gauss-cm? is required to rotate
the electron phase by 27 [19]), much stronger fields could be used to test
the time dilation effect. MRI machines with 10 tesla (= 10° gauss) fields
over areas greater than 100 cm? have been demonstrated, so total fluxes of
107 gauss-cm? and up are quite feasible.

e Alternately, geometric confinement could be used to raise the energy, along
lines discussed in section 3 of [20]. This could be used on uncharged par-
ticles such as neutrons, while the above 2 approaches require charged par-
ticles. This does not appear to have been considered by Apsel. However,
the effect for any realistic confinement may be too small to measure.

There are many other possibilities, but these few should suffice to demonstrate
that the time dilation view makes different predictions than the standard phase
shift view, and that the differences are accessible to experimental test.

4.1. Muon-based Experiments. The muon, with a half life of 2.197 uS [21],
is an attractive candidate for QTD experiments as it has the highest charge-to-
mass ratio of any unstable particle. While muons are difficult to produce by fission,
fusion, or nuclear decay, beams of muons can be generated via pion decay, and have
been used e.g. to test the standard model’s prediction of their anomalous magnetic
moment (see [22] and its references). A survey of methods of muon production
can be found in [23]; see also section VI of [24]. Beams of muons produced by
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pion decay are inherently 100% polarized with spin opposite to the direction of
emission ([23], p.16). Beam sources may be continuous or pulsed. Muon detectors
adequate to measure time dilation effects can be simple and inexpensive enough
to be used in an undergraduate physics lab[25].

The muon decay time can be very accurately calculated within the standard
model given certain parameters [26]; some of these parameters can in turn be
derived from muon lifetime data. Thus the precision of the standard model is
dependent on the precision to which the muon lifetime is known.

Let’s first analyze the situation for an electron. A phase shift of 2w happens
when

AFE-t=2th=h=F-At
so that for an electron

34,2
At — h _ h _ 6.626 - 10~ **m*kg/S 8003 10-2'S
E  me®  (9.109-1073'kg) - (2.998 - 103m/S)?

is the time difference (as seen by the electrons, not by an external observer) between
electron paths when the interference pattern has been shifted by one full fringe.
This requires a total flux of 3.9 - 1077 gauss-cm? as noted above, but we should
be able to use fluxes at least 10'3-10'* that large, leading to feasible Ats in the
range of 1077-107% seconds. (Indeed the Brookhaven E821 experiment[22] applied
a field of 1.45T over a ring with radius 7.11m; if the field was uniform, the total
contained flux would then be about 2.3 - 10'° gauss-cm?.)

For the muon At is 207 times smaller (the ratio of the muon mass to the electron
mass), or 3.91 - 10723S.

A 200 kV muon beam should travel roughly as fast as a 1 kV electron beam, or
about 2% of the speed of light or 6 - 10 m/S. If we split this beam and send it
around a solenoid with a radius of about 100 cm (and hence cross-sectional area
314 cm?) we should be able to have each path be no longer than, say, 600 cm. With
a 10T = 10° gauss field strength the total flux would be 3.14 - 10® gauss-cm? and
the predicted At = 3.91- 10*23%8 = 3.14-1078S. The flight time of the muon
would then be about 10~7 S. With a half life of 2.2 xS, and ignoring relativistic
corrections, we would expect in the standard interpretation that a fraction 2-t/22+8
of the muons on each path would remain undecayed

9-0.1/2.2 _ 9-1/22 _ 9-0.04545 _ () 9g9

so that about 3.1% of the muons would decay on each path. However, the time di-
lation predicted by the present theory would cause the fast-time path to experience
a total time (¢ + At) of (0.1 4 0.03)uS so that approximately

9—0.103/2.2 _ 9—0.04682 _ () 98

would remain undecayed while on the slow-clock path

270.097/2.2 — 270.04409 = 0.970
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would. Thus, for that flux, we would predict a roughly 3% increase in the decay
rate on the fast-time path and a 3% decrease on the slow-time path. Larger
fluxes would have larger effects. For large enough flux, the effect should be truly
spectacular.

(Note that these calculations would give silly results for the slow-time path for
high enough flux; it obviously cannot end up with negative experienced time-of-
flight. This problem is due to using the linearized weak-field approximation. Exact
calculation requires the exact formula.)

Note that it is not necessary to actually interfere the two beams to measure
this effect. One could, for example, just have a single beam of muons rotating
in a cyclotron ring. A large confined and shielded flux through the ring should
have a measurable effect on the decay rate of the muons; reversing the flux or the
direction of rotation should reverse the effect.

It would also be possible to simply fire a beam of muons through the center
holes of one or more shielded toroidal inductors, as was done in the elegant Hitachi
experiment to demonstrate the ESAB effect [27]. Much larger inductors with much
larger fluxes would of course be desirable, but these are commercially available and
relatively inexpensive. There is no theoretical upper bound to the total encircling
flux per length of muon path in this configuration, as there is no upper limit to the
radial size of the inductor cores. If we assume an iron core with a contained field
strength of 1T (iron saturates at 1.6 T'), and a toroidal shape with rectangular cross
section (inside radius r;, outside radius r,, and thickness [), the cross-sectional area
is given by A = (r, — ;) - [ and the total flux would be 10* - A gauss-cm? with the
flux per length equal to 10%(r, — r;) gauss-cm. The time shift per length (for a
muon) is given roughly by

3.91-10723S S

104 (ry — 7 P L L
3.9 10 7gauss - cm? 10%(r, — r;)gauss - cm &~ 107%(r, mcm

If we assume a rather large core with (r, — r;) = 1m and [ = 1m then we get
a time shift of 10 nS. This has to be compared with the time of flight at fast
but sub-relativistic speeds; at 10% of the speed of light a particle will only spend
about 33 nS passing through the inductor, so a time shift of 10 nS represents a
30% increase or decrease in the time experienced by the particle.. (Again, these
are based on the linear formula and thus are slightly off.) The special-relativistic
time dilation at that speed is less than 1%.

4.2. Absolute Electric Potential. Since a non-zero electric potential causes
inverse time dilation for positive and negative particles, the lifetimes of (say) pu™
and p~ can be used to calculate the potential. This means that there is a global
absolute zero potential which can be detected by experiment; it is that point at
which charged particles and antiparticles decay at the same rate.

Without measurement, there is no guarantee that the earth is at zero potential.
(Consider that the potential difference between the earth and a cloud floating
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above it may exceed 300 MV during a lightning storm.) Thus, we have no reason
to expect that the lifetimes of particles and antiparticles will be exactly the same
when measured in terrestrial laboratories. This has implications for those e.g.
attempting to use the muon lifetime to determine parameters of the standard
model. If they do not correct for time dilation due to the absolute potential of the
earth, their results may be wrong by 1 ppm per 105 V. (On the other hand, the
QTD dilation for the binding energy of p*e™ is about 0.999999866 or 134 parts
per billion. Thus, like the SR correction, it can safely be ignored in most estimates
of u™ lifetime in matter.)

An easy way to correct for voltage offset would be to take the geometric mean
of p* and p~ lifetimes measured under identical conditions. Since

Ta(p, V) - Ty, =V) =1

and

Ta(p, V) = Ta(u", =V)
we get

Ty(u™, V) - Ta(p=, V) =1
so that

VAV V) = \/ s = = VAT O 0) = AG,0)

4.3. CPT Invariance. It is often stated (e.g. in [17] [30] [31]) that the CPT the-
orem guarantees that particle and antiparticle masses and lifetimes are identical.
However, this conclusion is only justified at zero potential. A true CPT reflection
must invert all charges in the universe, which necessarily inverts all electric poten-
tials as well. Therefore, the CPT theorem only really proves that a particle’s mass
and lifetime at electric potential V' must equal its antiparticle’s mass and lifetime
at potential —V. This holds true in QTD. Thus, the CPT theorem does not con-
tradict the QTD claim that particles and their oppositely-charged antiparticles
will be time-dilated oppositely at a non-zero potential and that their lifetimes will
differ there. QTD is completely compatible with the notion of CPT invariance.

5. SUMMARY

We propose interpreting the well known quantum phase shift as a time-dilation.
The mathematics of this is essentially identical to that of gravitational time dilation
in general relativity, indicating perhaps a deep and simple connection between QM
and GR. This interpretation is shown to have measurable consequences which are
supported by prior experimental data, and further experiments are proposed that
could test its validity more directly.
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