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Abstract We propose a new impartial game played by two players, which can be com-
pared to the well-known Nim game [1, 3, 4] played on graphs. In this paper, we consider
this game and investigate its winning strategies. In the proof, Menger’s theorem [2] noted

in graph theory plays a crucial role.
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1 Rule of Nim on graphs

A variety of Nim-type games has been proposed and studied. In this paper we also propose
a new one, as it were, Nim game played on graphs. So we call this game Nim on graphs.

The rule of Nim on graphs is as follows. At first, to set a starting position of the
game, we fix some finite undirected graph and assign to each edge a non-negative integer.
Further we take one piece and put it at a vertex of the graph. From this given position,
the game starts and proceeds by the two players’ alternate moves with the following series

of choices.
(i) Choose an edge incident with the vertex of the piece.
(ii) Decrease the value of this edge to any non-negative integer strictly.

(iii) Move the piece to the adjacent vertex along this edge.
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The game ends when a player in his turn can not move since the value of each edge
incident with the piece’s vertex is equal to zero. Then, according to the normal play
convention, this player is taken as the loser.

We remark that the ordinary Nim is a special case of our game. The ordinary Nim with
N heaps of sizes mi,ms, ..., my is equivalent to the Nim on the graph which consists of
two vertices and N edges joining these two vertices, as Figure 1. Here the symbol “A”
indicates the piece, and my, ms, ..., my indicates the non-negative integers assigned to

the respective edges.
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Figure 1. The Nim on graphs equivalent to the ordinary Nim

Figure 2 illustrates a transition of positions in an actual match of Nim on graphs. In the
starting position(a), the first player chooses the right edge of the piece A, decrease its
value from 4 to 2 and moves the piece right along this edge, which makes (a) into (b).
Next, in the position(b), the second player chooses the down edge of the piece, decreases
its value from 2 to 0 and moves the piece down, which makes (b) into (c). Similarly the
players move alternately and the positions(c), (d), (e) and (f) result in this order. Finally,
in the position(f), the second player has no moves since each edge incident with the vertex
of the piece A is assigned to zero. Then, the first player wins this match.

To tell the truth, whenever the game starts from the position(a), the first player can win

for any second player’s move. In other words, in the starting position(a), the first player



has a winning strategy. In this paper, we are concerned with the problem whether, in the
given starting position, the first player or the second player has a winning strategy. By
virtue of Menger’s theorem, we obtain a theorem(Theorem 3.5) which gives the solution
of this problem under certain hypothesis on the structure of the graph of the starting
position. This is the main result of this paper.

In Section 2, we shall introduce some notations and terminology. In Section 3, we
shall present and prove the main theorem. In Section 4, we shall extend our game, which

enables us to study Nim on graphs with multiple edges.
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Figure 2. An example of transitions of positions in an actual match



2 Definition

All considered graphs of this paper are undirected and finite. For a graph G, we denote
by V(G) and E(G) the set of its vertices and the set of its edges, respectively. We
assign to each edge e € E(G) a non-negative integer w(e), which is called the weight of e,
by a mapping w : E(G) — N = NU {0}. We denote by G, the position of the game
designated by a graph G, a weight mapping w : E(G) — N and a vertex v € V(G) for the
vertex of the piece. Either player may move in his turn from a position G, , to a position
G if and only if there is an edge e € E(G) joining v and v’ such that w'(e) < w(e)
and w'(f) = w(f) for any f # e. Then we call G,/ an option of G, ,. A player given a
position without options in his turn is the loser(the normal play convention).

We assume that any graph of the game forms a bipartite graph without multiple edges,
except Lemma 3.3 and Section 4. We fix some vertex vy of G and say that a vertex
of G is even (respectively odd) if it takes even (respectively odd) steps from vy. When
the game starts from a position, if the first (respectively second) player can win for
any second (respectively first) player’s move, we say that this position is a p-position
(respectively 0-position), which is named after the fact that its Grundy number [1, 3, 4] is
positive (respectively 0). When a game starts from a position which has no options, the
first player has already lost this match. So, we take this position as a 0-position. The

following is a basic property for p-positions and O-positions.
(i) A position is a p-position if and only if it has a 0-position option.
(ii) A position is a 0-position if and only if it has no 0-position options.
Furthermore, we assume that
the degree of any odd vertex of the graph of the game is just two, (2.1)

except Lemma 3.3 and Section 4. As mentioned above, we are concerned with the following

problem under this hypothesis (2.1).



Problem A : Find whether the given position is a p-position or a 0-position.

In this paper, we use the term path of length N as a graph which has V(G) and E(G)
with the form V(G) = {vo, vy, ...,vn} and E(G) = {vovy, v1v2, ..., vn_10N }, Tespectively.
That is, any path does not encounter the same vertex twice. We denote this path by

V1V * - UN.

Definition 2.1. For a weighted graph G, a path of even length L = vyvy---vap

included in G such that
w(vay—12v) =0 and w(vj41) >0 for 0<j <2N —1 (2.2)

is called an odd path starting from vy of G,. Then the vertex vgy_1 is called the terminal
vertex of this odd path. Especially, for a position with the piece at even vertex v, an odd
path starting from the piece’s vertex v is simply called an odd path of this position. By
the following proposition, let us agree to call a position which has at least one odd path

a trivial p-position.
Proposition 2.1. A position which has at least one odd path is a p-position.

Proof. Note that the piece is at even vertex. When the game starts from a position
with an odd path L, the first player can always win by the strategy to move the piece
along L toward the terminal vertex of L and to decrease the weight of the chosen edge to
0 in his turn. By this strategy, he will certainly defeat his opponent, because the second
player cannot but move the piece along L toward the terminal vertex of L and inevitably

loses any option when the piece arrives at the terminal vertex of L. O

Remark 2.1. We should notice that, in any trivial p-position, the piece is at even
vertex. So the starting vertex of each odd path of trivial p-positions is always even and

its terminal vertex is always odd.

Example 2.1. The position in Figure 3 is an example of a trivial p-position. In the



(o)

figures below, the drawn circles “o” usually indicate the even vertices, the outlined circles
70" the odd vertices and the symbol “A” the piece of the position. The position in Figure

3 has an odd path, which is indicated by the thick line.
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Figure 3. A trivial p-position
The thick line indicates an odd path of this position.
Definition 2.2. Let G be a subgraph of G. For weighted graphs G, and Gz, we let
G+ denote the superposition of them, which is defined as the weighted graph with the

weight mapping w + @ given by

w(e) +@(e) fore e B(G)

(w+a@)(e) = { w(e) for e € E(G) \ E(G). (2:3)

Further, let us define the superposition of a position G, , and a weighted graph G5 as the
position Gyig .-
If G, can be regarded as the superposition of Gz and some weighted graph, we say

that G, includes G5. We also say that G, includes G, if G, includes G5,



3 Main result for Nim on bipartite graphs

Now we proceed to our main theorem and its proof. In the lemmas or the propositions
below, we shall often use induction on options of the position.

In this paper, we use the term cycle of length N as a graph G which has V(G) and E(G)
with the form V(G) = {vy,v,...,on} and E(G) = {vivg, v9v3,...,vNv1 }, Tespectively.
That is, the degree of any vertex of a cycle is always two. We denote by G a weighted
graph with the weight mapping 1, which is defined as the weight mapping assigning the
weight 1 to each edge of G. When a graph G forms a path (respectively a cycle), we call

G a 1-path (respectively 1-cycle).

Lemma 3.1. Let G be a graph and C' a cycle. Suppose that C' is a subgraph of G.
(i) The superposition of a p-position G, with the piece at even vertex v and a 1-cycle
(1 is a p-position.

(ii) The superposition of a 0-position G, with the piece at odd vertex v and a 1-cycle

(' is a 0-position.

Proof. We let G,11., denote the superposition of G, and Cy. We shall use induc-
tion on options of the position.

(i) Since G, is a p-position with the piece at even vertex, G, has a 0-position
option G/, with the piece at odd vertex. By induction and applying (ii) to G, the
superposition of G, ,» and C is a 0-position. Since this superposition is an option of
Gui1o0, the position Gyi1,., is a p-position.

(i) We shall divide its proof into two cases.

The case when G, has an option Since G, is a 0-position with the piece at odd

vertex, each option G, of G, is a p-position with the piece at even vertex. We should
notice that the superposition of G/, and a 1-cycle is a p-position, which follows from

induction and applying (i) to G ..



If v is not in C, each option of G,1., can be regarded as the superposition of an
option of G, and C; and, so it is a p-position.

On the other hand, if v is in C, we observe that each option of G1,, which results
by decreasing the weight of the chosen edge to 0 is a trivial p-position, and that any other
option of G411, can be regarded as the superposition of an option of G,,, and C; and,
so it is also a p-position.

Consequently, each option of G 41, is a p-position in any case. Therefore, G, 11, is
a O-position.

The case when Gy, has no options If vis not in C, G,41, . has also no options. If v

is in C, we see that each option of G 1, ., is a trivial p-position. Therefore, Gy 11, is a

0-position. O

Lemma 3.2. A position with the piece at even vertex is a p-position if and only if

this position can be regarded as the superposition of a trivial p-position and 1-cycles.

Proof. It follows from Lemma 3.1 that the superposition of a trivial p-position and
1-cycles is a p-position. So it remains only to show that a p-position with the piece at
even vertex can be regarded as the superposition of a trivial p-position and 1-cycles. We
let G, be a non-trivial p-position with the piece at even vertex v and let G, be a
0O-position option of G, ,. Let u be the vertex which is adjacent to the odd vertex v" and
not v, as Figure 4. We denote the edges v'v and v'u by e, and e,, respectively. Let us

take the p-position option G . of G, according to the following list.

(i) If w'(ey) > W'(ew),
let v = v and W’ (e,) = W'(ey) (= W’ (ey)).

(i) T w/(e,) < w'(cy), N
let v" = u and w//(eu) = w/(ev)(: W”(ev))- _____ €u €y

(iii) If w'(e,) = W'(ew),
let v" = u and
w'(ey) = w'(ew) — 1(= w’(ey) — 1). Figure 4.



By induction and applying this lemma to this p-position G, ,~, it can be regarded as
the superposition of a trivial p-position, which is denoted by G¢» ,», and 1-cycles. We let
L" denote an odd path of G¢»,» and let G¢, denote the position obtained by adding the

difference between G, and G, to the weighted graph G~ , that is,
C(e) =¢"(e) + (w(e) —w"(e)) for each e € E(G)

and putting the piece at v. Then the position G, is the superposition of G¢, and 1-
cycles. So it suffices to show that G, is a trivial p-position, or that G, has at least one
odd path. In the respective cases (i)-(iii), we shall furthermore divide the argument into

the four cases below.

(a) The case when L” goes through neither of the edges e, nor e,
(b) The case when L” goes through both of the edges e, and e,
(c) The case when L” goes through the edge e, and not through the edge e,

(d) The case when L” goes through the edge e, and not through the edge e,

The case when G is taken according to (i)  In the case (a) or (b), L” is an odd

path not only of G¢»,» but also of G¢,. Then, in either case, G¢, is a trivial p-position.
On the other hand, both the cases (c) and (d) are impossible because w”(e,) = w”(e,).

The case when G is taken according to (ii)  In the case (a), we can find an odd

path of G, by adding the path vv'u to L”. In the case (b), we can find one by removing
the path vv'u from L”. Then, in either case, G¢, is a trivial p-position. On the other
hand, both the cases (¢) and (d) are impossible because W’ (e,) = w”(e,).

The case when G is taken according to (iii) In the case (a) or (b), we find an odd

path of G, in the same way as above. The case (d) is impossible because w’(e,) < w”(e,).

In the case (c), noting that G~ ,~ is taken according to the case (iii), it is easily seen



that the weight of the edge e, of G, is just equal to 1 and that of the edge e, of G¢, is
greater than or equal to 2. So we have just one cycle in G¢, which goes through both e,
and e,. We remove this 1-cycle from G¢, and denote the remainder by G, afresh. Then,
since ((v'v) > 0 and ((v'u) = 0, we find an odd path vv'u of G,

Consequently we conclude that G, can be regarded as the superposition of a trivial

p-position and 1-cycles. O

Example 3.1. We illustrate Lemma 3.2 with the position(a) given in Figure 5. We
observe that the position(a) can be regarded as the superposition of three 1-cycles (Figure
5(b)) and a trivial p-position (Figure 5(c)) with an odd path indicated by the thick line.
Thus, it follows from Lemma 3.2 that the position(a) is a p-position. Here the addition

“4+7 stands for the superposition.

4 4 3 3 1 1 1 1
5) 2 2 2 1 0
3 2 2 0 1 0
Al 1 1 = |1 + Al 0 0
2 L L 3 1 0 0 0 2 0
2 3 1 0 2 0
2~ 2 0 2 2 * 00 1 1
(a) A p-position (b) Three 1-cycles (¢) A trivial p-position

Figure 5. A position(a) which can be regarded as the superposition of a
trivial p-position(c) and 1-cycles (b).
To state the next lemma, we introduce some terminology. Take a graph G and let u
and v be distinct two vertices of G. Then, we call an edge set E C E(G) a cut separating
u and v if every path connecting u and v includes an edge of E. For a weighted graph

G, and a cut E of G, we call the sum of w(e) over e € E the capacity of this cut E. For
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a weighted graph G, and two distinct vertices u and v, we call a cut separating u and v
which minimizes its capacity a minimum cut separating v and v.
In the next lemma, we do not assume that G is bipartite, and G may have loops or

multiple edges.

Lemma 3.3. Take a weighted graph G,,. Let u and v be distinct two vertices of G.
The minimum capacity of cuts separating u and v of G, is equal to the maximum number

of 1-paths included in GG, which connect u and v.

Proof. Replace each edge e of G by w(e) edges joining the same endvertices as e. Let
G be the graph obtained by this replacing; see Figure 6. Note that 1-paths included in G,
correspond to edge-disjoint paths of G and that the minimum capacity of cuts separating
v and v of Gy, corresponds to the minimum number of edges separating v and v of G .

Applying the edge form of Menger’s theorem [2] to this graph G proves this lemma. O

°
2
([ 1 @ O L > [ ]
replacing
3
°
Go G

Figure 6. A weighted graph G, and the graph G obtained by the
replacing in the proof of Lemma 3.3

Definition 3.1. For a weighted graph G, and an odd vertex u of G, suppose that
the weights of the two edges incident with w are different from each other. Then, of
the two edges, the edge with the larger (respectively smaller) weight is called the thick

(respectively thin) edge of u. For the weighted graph which results by cutting off G, at u,
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we call the section incident with the thick (respectively thin) edge the thick (respectively

thin) section; see Figure 7.

_ = —‘— _ =
- — —‘— - —
2 | «thin edge of u
2 | «+thin edge of u

O «thin section

U -
" i © «thick section
5 | «thick edge of u cutting o
G, at u 5 | «thick edge of u
_ = —'— _ =
- — —‘— - —
Go
| Gu

Figure 7. Cutting off G, at u

Lemma 3.4. Take a position G, , with the piece at even vertex v. Let G denote
the weighted graph which results by cutting off GG, at an odd vertex u of G.

Then, G, can be regarded as the superposition of 1-cycles and a trivial p-position
with an odd path which terminates at u if and only if the following three conditions are

satisfied.

(i) The weights of the two edges incident with u are different from each other.

(ii) The minimum capacity of cuts separating the two sections of G is equal to the

weight of the thin edge of w.

(iii) Even if any minimum cut separating the two sections is removed from the weighted

graph G, the vertex v is always connected with the thick section.

Proof. Let m € N be the weight of the thin edge of u. Let G denote the weighted
graph which results by appending to G a new edge joining v and the thin section with

weight 1.
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1) Suppose that G, , is the superposition of 1-cycles and a trivial p-position with an
odd path terminating at u. This structure obviously ensures the condition (i). First, let
us show that the condition (ii) is satisfied. Now, without loss of generality, we can assume
that each 1-cycle goes through u because we can include any 1-cycle not going through

u in the trivial p-position. So G, can be regarded as the superposition of one trivial

u

¢ the maximum number of 1-

p-position and just m 1-cycles going through u. Then, in G
paths connecting the two sections is equal to m. Therefore, by Lemma 3.3, the minimum
capacity of cuts separating the two sections of G is also equal to m, which implies that
the condition (ii) is satisfied.

Next, to show that the condition (iii) is satisfied, we suppose that the vertex v and the
thick section are disconnected in the weighted graph obtained by removing a minimum
cut E separating the two sections from G". Then, also in Cj“@, E is a minimum cut
separating the two sections, whose capacity is equal to m. Therefore, Lemma 3.3 shows
that, in C:‘“@, the maximum number of 1-paths connecting the two sections is also equal
to m. On the other hand, noting the structure of G, ,, that is, the superposition of one
trivial p-position with an odd path terminating at u and just m 1-cycles going through u,
we observe that G¥; includes m + 1 1-paths connecting the two sections, which implies
contradiction.

2) Suppose that G, has an odd vertex satisfying the conditions (i)-(iii). Then, we
easily see that, in Cj%, the minimum capacity of cuts separating the two sections is equal
to m + 1. Therefore, by Lemma 3.3, G includes m + 1 1-paths connecting the two
sections. This structure implies that G, can be regarded as the superposition of m

1-cycles and a trivial p-position with an odd path terminating at u. O

The following theorem is the main theorem, which is an immediate consequence of

Lemma 3.2 and Lemma 3.4.

13



Theorem 3.5. Let G, , be a position with the piece at even vertex v. Then, G, ,
is a p-position if and only if G, has an odd vertex u satisfying the conditions (i)-(iii) of

Lemma 3.4.

Theorem 3.5 gives the solution of Problem A for any position of Nim on bipartite

graphs satisfying the hypothesis (2.1). The following examples illustrate it.

Example 3.2. To find whether the position(a) or (b) in Figure 8 is a p-position or a
0-position, let us apply Theorem 3.5 to these positions, respectively. Since the position(a)
has an odd vertex u satisfying the three conditions of Lemma 3.4, it is a p-position. On

the other hand, since the position(b) has no odd vertices satisfying them, it is a 0-position.

o o 5 3 o o« =t 41 o 3 3 o
5 2 2 5 2 1

u q
3 2 2 3 2 1

A A

B < 1 o 1 o B B« 1 o 1 o
2 1 1 2 1 1

q
2 1 1 2 1 1

* 2 ¢ 1 T ® * 2 ¢ 1 T ®

(a) A p-position (b) A O-position
Figure 8. Examples to which one can apply Theorem 3.5

4 Nim on graphs with multiple edges

In this section, we shall deal with Nim on graphs with multiple edges. In order to do this,
we shall extend our game, Nim on graphs. This extended game, which is compared to

impartial games played on graphs, serves to reduce the problem for finding the Grundy
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number [1,3,4] of Nim on graphs with multiple edges to that for one without multiple
edges. In this section, we do not assume that graphs are bipartite, and graphs may have

loops or multiple edges.
Extended Nim on graphs

In brief, our extended game is defined as Nim on graphs modified by assigning either a
position of an impartial game [1, 3] or a weight (non-negative integer) to each edge. Let
w(e) denote either the position or the weight assigned to e.

The rule of this extended game is as follows. At first, to set a starting position of the
game, we fix some finite undirected graph and assign to each edge either a position of an
impartial game or a weight (non-negative integer). Further we take one piece and put it
at a vertex of the graph. From this position, the game starts and proceeds by the two

players’ alternate moves with the following series of choices.
(i) Choose an edge e incident with the vertex of the piece.

(ii) If a weight is assigned to this edge e, decrease w(e) to any non-negative integer
strictly. If a position of an impartial game is assigned to this edge e, play one move

from this position w(e) of this impartial game.
(iii) Move the piece to the adjacent vertex along this edge e.

The game ends, when a player in his turn has no options since the game assigned to any
edge incident with the piece’s vertex is already ended and the weight of any edge incident
with the piece’s vertex is equal to zero. Then, according to the normal play convention,
this player is taken as the loser. By the following proposition, the problem for finding the
Grundy number of the extended Nim on graphs can be reduced to that for the normal Nim
on graphs. Noting the definition of the Grundy number, one can prove this proposition

easily. So, we shall omit its proof.
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Proposition 4.1. Let G, , be a position of the extended Nim on graphs. Let g(Gy, )
denote the Grundy number of this position G, ,. When w(e) denotes the position of the
impartial game assigned to e, let g(w(e)) denote the Grundy number of this position w(e).

Take the weight mapping wy : E(G) — N given by

wole) = g(w(e)) if w(e) denotes the position of the impartial game assigned to e
N7 wle) if w(e) denotes the weight assigned to e.
(4.1)

Then,
Q(Gw,v) = Q(Gwo,v> (4'2)

holds. Here G, is the position of the normal Nim on the graph G with the weight

mapping wy.
Nim on graphs with multiple edges

Now we shall remark that Proposition 4.1 serves to reduce the problem for finding the
Grundy number of Nim on graphs with multiple edges to that for one without multiple
edges. Consider a position of Nim on graphs with a set of multiple edges eq, es, ..., en,
as Figure 9(a), where my, mo, ..., my are their respective weights. For this position,
construct the position of the extended Nim on graphs by replacing the whole of these
multiple edges with one edge € and assigning to € the position of the ordinary Nim with
N heaps of sizes my, ..., my, as Figure 9(b). Then we should notice that these positions

are equivalent to each other, and thus have the same Grundy number.
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The ordinary Nim with N
heaps of sizes mq,...,my * £k

L my
(a) (b) ()

Figure 9. A position(a) of Nim on graphs with multiple edges and the
position(c) of Nim on graphs without multiple edges which has
the same Grundy number as the position(a).

Recall that the Grundy number of the ordinary Nim with N heaps of sizes mq, mso, ..., my
is equal to my ¥ mo I.ox my, where the operation T is the Nim sum [1,3,4]. Then,
applying Proposition 4.1 to the position(b) shows that the Grundy number of the posi-
tion(b) is equal to that of the position(c) in Figure 9 of the normal Nim on the same
graph, which results by assigning to € the weight m; il Mo ... x my in place of the
ordinary Nim position. Consequently, the Grundy number of the position(a) is equal to

that of the position(c).

Example 4.1. The following is an example of Nim on graphs with multiple edges.
Noting that 4 T6lg=1and514= 1, the argument above shows that the Grundy
number of the position(a) in Figure 10 is equal to that of the position(b) in Figure 10,

which is equal to 1 by the definition of the Grundy number [1, 3, 4].
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Figure 10. The Grundy number of the position(a) with multiple edges is
equal to that of the position(b) without multiple edges, which
is equal to 1.
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